We study the holographic superconductor-normal metal-superconductor (SNS) Josephon junction in the massive gravity. In the homogeneous case of the chemical potential, we find that the graviton mass will make the normal metal-superconductor phase transition harder to take place. In the holographic model of Josephson junction, it is found that the maximal tunneling current will decrease according to the graviton mass. Besides, the coherence length of the junction decreases as well with respect to the graviton mass. If one interprets the graviton mass as the effect of momentum dissipation in the boundary field theory, it indicates that the stronger the momentum dissipation is, the smaller the coherence length is.
Introduction
AdS/CFT correspondence [1] [2] [3] is a powerful tool to solve the strongly coupled physics from the one dimensional higher weakly coupled gravity in some limit, which is also dubbed 'holography'. In recent years, the applied holography has attained great success in the area of condensed matter theory (CMT), hydrodynamics and etc. [4] [5] [6] . The holographic Josephson junction was first studied in [7] , later on was largely extended to various models [8] . Other models of holographic Josephson junction were proposed from designer multigravity in [9] and from D-branes in [10] .
The gravity backgrounds in the above Josephson junctions are mostly the Einstein's general relativity (GR). Due to the requirements of diffeomorphism invariance in GR, the corresponding graviton should be a massless spin-2 boson, see for example [11] . Therefore, it is a direct and interesting task in history to find whether there are other gravitational theories in which the graviton is massive [12] . However, the generalization is not so easy since usually the massive gravity has the instability problem of the Boulware-Deser ghost [13] . Recently, a nonlinear massive gravity theory has been proposed (the so-called dRGT theory by de Rham, Gabadadze, and Tolley) [14] [15] [16] , and later it is found to be ghost-free [17, 18] . For more details about the aspects of massive gravity, one can refer to the reviews [16, 19] . There have been many investigations on this type of massive gravity, for instance, the black hole solutions and their thermodynamics were studied in [20] [21] [22] [23] [24] [25] . The counterterm of this massive gravity has been obtained in [26] , as well as that it has been proved to be ghost-free for this massive gravity with a special degenerate reference metric in [27] . Moreover, due to the breaking of diffeomorphism invariance in dRGT massive gravity, the stress energy tensor of matter is not conserved anymore. The non-conservation of stress energy tensor is dual to the dissipation of momentum in the boundary field theory according to the AdS/CFT, such that a finite DC conductivity was obtained in [20, [28] [29] [30] . Some other holographic results related to the effects of graviton mass in massive gravity have also been investigated in [21, [31] [32] [33] [34] .
In this paper, we are going to investigate the effect of the graviton mass (or breaking of translational symmetry in the boundary field theory due to AdS/CFT [29] ) on the holographic Josephson junction. In particular, we study the Superconductor-Normal metalSuperconductor (SNS) Josephson juction in the dRGT massive gravity. First, for a homogeneous superconductor, we find that the graviton mass will reduce the critical temperature from a normal metal to a superconductor, which indicates it is harder to have a phase transition from normal metal to a superconductor when graviton mass is larger. Meanwhile, from the AdS/CFT aspect it also means in the boundary field theory, the larger the momentum dissipation is, the harder the phase transition is. This is reminiscent of the phase diagram of cuprates, where greater doping makes the phase transition from normal metal to superconductor more difficult to take place. Although doping is not the same as the momentum dissipation, we can still argue that they have similar effects to the phase transitions from the point view of holography. For the holographic SNS Josephson junction, we find the usual sinusoidal relation between the tunneling current the phase difference across the junction. One can obtain the maximal current by fitting the sinusoidal relation. It is found that the maximal current decreases exponentially with width of the junction, from which we can get the coherence length of the normal metal in-between the junction [35] . Moreover, we find that the coherence length decreases with respect to the graviton mass, so does the maximal current. Physically, it indicates that the momentum dissipation (or breaking of translational symmetry) will reduce the coherence length as well as the maximal current.
The paper is organized as follows. In Sec.2 we will briefly introduce the dRGT massive gravity; We build up the holographic model of Josephson junction in Sec.3; Numerical results are shown in Sec.4 and conclusions are drawn in Sec.5; In particular, the dependence of the constraint equation with the gauge field equations are generically proven in Appendix A.
A Brief Review: dRGT Massive Gravity and Its General Black Hole Solutions
In this paper, we will focus on the ghost-free dRGT massive gravity, whose action in an (n + 2)-dimensional spacetime is usually read as [20, 22] 
where f is a fixed symmetric tensor usually called the reference metric, L is the radius of AdS n+2 spacetime; c i are constants, m stands for the graviton mass, 1 and U i are symmetric polynomials of the eigenvalues of the (n + 2)
2)
After making variation of action with respect to the metric, the equations of motion (EoM) turns out to be
where
Since the background we are going to use is (3 + 1) dimension, thus a general black hole solution can be [22] 
where h ij dx i dx j is the line element for the 2-dimensional spherical, flat or hyperbolic space with k = 1, 0 or −1 respectively. m 0 is related to the mass of the black hole while q is the charge of it. The reference metric now can have a special choice
The Hawking temperature of this black hole solution can be easily found
in which r + is the horizon of the black hole.
1 Precisely, m is the graviton mass near the UV boundary. From [29] we know that the effective graviton mass depends on the radial direction. By taking the radial direction to the UV boundary, we can see that m here is proportional to the graviton mass near the UV boundary up to a constant. For simplicity, we call m here as graviton mass, the exact meaning of which is clear from the above explanation.
Holographic Setup
For simplicity, we will consider the black hole solution in (2.5) with k = 0 and q = 0, therefore, h ij = diag(h xx , h yy ) = diag(1, 1). In the probe limit, we adopt the Maxwell and complex scalar field action as
in which A µ is the U (1) gauge field while F µν is the corresponding field strength with
m ψ is the mass of the complex scalar field ψ. The EoMs can be obtained readily from the above action as
In order to work with the gauge-invariant fields, a natural ansatz for the fields are
where |ψ|, ϕ, A t , A r , A x are all real functions of r and x. The corresponding gauge-invariant quantity can be defined as M µ ≡ A µ − ∂ µ ϕ. Therefore, from the formula (2.5), (3.2), (3.3) and (3.4), we obtain the following coupled partial differential equations (PDEs) :
where denotes the derivative with respect to r. One can find that only gauge-invariant quantities are left in the above PDEs, and the phase ϕ has been absorbed into the gaugeinvariant quantity M µ . Moreover, there are only four independent EoMs in the above five EoMs, since the second equation (3.5b) is just a constraint equation which results from the algebraic combinations of (3.5d) and (3.5e) as 2
Therefore, we will correctly work with four independent EoMs for four fields, i.e., |ψ|, M t , M r and M x .
In order to solve the above coupled EoMs, we first need to impose boundary conditions for these fields. At the horizon, the field M t should vanish since g tt is divergent at horizon, while other fields are finite at horizon.
Near the infinite boundary r → ∞, the fields |ψ|, M r and M x can be expanded as,
According to the AdS/CFT correspondence, the scalar field |ψ| has conformal dimension
In the following, we will impose ψ (1) ≡ 0, which indicates there is no source term of the scalar operator on the boundary. According to the AdS/CFT dictionary, the coefficients ψ (2) , µ, ρ, ν and J correspond to the condensate of the dual scalar operator O , chemical potential, charge density, superfluid velocity and current in the boundary field theory, respectively.The gauge-invariant phase difference γ = ∆ϕ − A x across the weak link can be defined as [7] 
where ν(±∞) is the superfluid velocity at the spacial infinity x = ±∞. In order to model a SNS Josephson junction, we choose the chemical potential µ(x) as
where µ ∞ = µ(+∞) = µ(−∞) is the chemical potential at x = ±∞, while , σ and are the width, steepness and depth of the junction, respectively. Following ref. [7] , we can define the critical temperature of the Josephson junction T c as the critical temperature of a homogenous superconductor, i.e., with a flat chemical potential. Therefore, T c is proportional to µ ∞ = µ(±∞):
where µ c is the critical chemical potential of a homogenous superconductor without any current at temperature T BH . Inside the junction, x ∈ (− 2 , 2 ), the effective critical temperature can be defined as
Therefore, if one can set the profile of the chemical potential as µ(0) < µ c < µ(∞), from the relations (3.10) and (3.11) we know that T 0 < T BH < T c . Hence, the in-between junction is in the normal metallic phase, while the region outside the junction is in superconducting phase. In the following section, we will work in this way to model the SNS Josephson junction.
Numerical Results
There is a scaling symmetry in the PDEs (3.5):
1) where λ is an arbitrary constant. We can adopt the above scaling symmetry (4.1) to set the horizon r + = 1 in the numerics. For convenience, we use the transformed coordinates in the following way u = 1/r and y = tanh( x 4σ ), as well as |ψ| → |ψ|
Without loss of generality, we set the AdS radius L = 1. We choose m 2 ψ = −2 in the numerics and the range of graviton mass are 0 ≤ m ≤ 1.2, since in the following we find that at m ∼ 1.2 the maximal current is extremely close to zero as the width of the junction is large. For the convenience of numerics, we set c 1 = 1, c 2 = −1/2 in (2.6) in order to fix the horizon at r + = 1 by varying the mass of graviton m. 3 We solve the EoMs (3.5a)-(3.5e) numerically by means of Chebyshev spectral methods [35] . In this subsection, we will study the phase diagram of the boundary theory with homogeneous chemical potential. The critical chemical potentials µ c from normal metal states to superconductor states are from µ c ≈ 4.0638 at m = 0 to µ c ≈ 5.3306 at m = 1.2, which are shown in the left panel of Fig.1 . The phase diagram corresponds to the critical temperatures are plotted in the right panel of Fig.1 . The dark region is the normal metal phase while the white region is the superconductor phase. On one hand, for a fixed graviton mass m, lowering temperature (increasing chemical potential) will change the normal metal state to a superconductor state; On the other hand, for a fixed temperature (chemical potential), increasing graviton mass m will destroy the superconductor phase into a normal metal phase. The phase diagram in Fig.1 is reminiscent of the famous phase diagram in the cuprates with doping, such as the Fig.1 in [36] . Between the phases of superconductivity and Fermi liquid, greater doping will change a superconductor to a Fermi liquid or normal metal at a fixed temperature. Therefore, from this point of view there is a subtle relationship between the graviton mass and the doping. We cannot make any definite conclusion of this relationship currently, however, at least they more or less have a similar effect to the phase transition from superconductivity to normal metal. A more complicated study of this phase transition has been brought out in [34] , where they have adopted a different action and metric from ours.
In order to model a SNS Josephson junction, from the above discussion we need to set µ(0) < µ c < µ(∞) for various m. After some trials, we find that a unified chemical potential µ(x) with the parameters µ ∞ = 6, σ = 0.7 and = 0.6 will satisfy the requirements of SNS junction. We also choose 2 ≤ ≤ 5 in order to study the coherence length ξ of the junction. Now we are going to set the extra boundary conditions for the Josephson junctions. Close to the spatial boundary x = ±∞, we demand that all the fields are homogeneous, i.e. ∂ x (fields) = 0. There is another symmetry of the fields when we flip the sign of x → −x,
Tunneling Current
Therefore, M r is an odd function of x while others are even. Thus it is natural to set M r (x = 0) = 0, while other fields have vanishing first order derivative with respect to x at x = 0. In the numerics, we set J as a constant and make it as an input parameter. Hence, the velocity ν and phase difference γ can be obtained numerically. Moreover, we find that it is convenient to work with dimensionless quantities, for instance J/T 2 c .
When the junction width is = 2, we show the relation between the tunneling current J/T 2 c and the phase difference of the junction γ in Fig.2 . By using the sinusoidal relation J ≈ J max sin(γ) to fit the data, we can figure out the maximal current J max for each m and . In Fig.3 , we plot the relation between the maximal current J max to the graviton mass m for various junction widths . We find that for a fixed , the maximal current will decrease as m increases; Meanwhile for a fixed m, the maximal current decreases as well when increases. Physically, it means increasing the graviton mass (or equivalently increasing the momentum dissipation in the boundary) will suppress the tunneling between the two superconductors in the both sides of the junction. 
Coherence Length
From condensed matter physics [35] , there is a relation between the maximal current J max to the coherence length ξ as
This relation holds when ξ where ξ is the coherence length of the normal metal. We show the numerics and fittings of the relation (4.4) in Fig.4 . From the left side of Fig.4 , we can see that for a fixed value of m, the maximal current has an exponential decay with respect to the width . The fitted values of ξ are shown on the right panel of Fig.4 . We can see that the coherence length will decrease as m increases, which means stronger momentum dissipation (breaking of translational symmetry) in the boundary field theory will reduce the coherence length ξ.
Conclusions and Discussions
In this paper, we studied the SNS Josephson junction in the background of dRGT massive gravity. For a homogeneous chemical potential, we found that the greater the graviton mass was, the harder the normal metal-superconductor phase transition took place. From the aspects of holography we argued that the phase transition would be more difficult to happen if the momentum dissipation or breaking of translational symmetry was stronger in the boundary field theory. For the holographic SNS Josephson junction model, we obtained the familiar sinusoidal relation between the tunneling current and the phase difference across the junction. The maximal current would decrease by increasing the width of the junction which was similar to the previous studies. However, the more interesting thing was that by increasing the graviton mass in the bulk, the maximal current would decrease as well. Therefore, it indicated that stronger momentum dissipation would make the quantum tunneling in the Josephson junction harder to take place. By virtue of the relation between the maximal current and the coherence length, we found that the coherence length would decrease as well with respect to the graviton mass. Therefore, the momentum dissipation would also reduce the coherence length in the Josephson junction. We expect that this kind of relation between the maximal current, coherence length and the graviton mass (momentum dissipation in the boundary field theory) can be observed in the condensed matter experiments. It will also be interesting to find the analytic relation between the coherence length and the graviton mass.
A Gauge-Invariance & Constraint Equation
In this Appendix, we are going to show that for a generic Maxwell-complex scalar action (3.1), the constraint equation obtained from the imaginary part of the complex scalar field equation in fact can be derived from covariant derivative of the Maxwell equations. Therefore, the constraint equation actually is not independent from other equations. The key points lie behind are the gauge-invariance of the EoMs. Assuming the gauge transformations (note that fields |ψ|, ϕ and M µ are real functions),
The general complex scalar equation (3.2) becomes 
The imaginary part of the complex scalar equation actually is the constraint equation (such as eq.(3.5b)),
On the other hand, we can take covariant derivative of the Maxwell equation (A.3), and get (note that ∇ µ (∇ ν F νµ ) ≡ 0 since F νµ is antisymmetric in the indices),
We can see that the right hand side of eq.(A.6) is exactly the constraint equation (A.5)!
